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Abstract
In this article, a hybrid model is developed based on multi-scale concept for solid  tumour cell invasion into a healthy tissue. 
Our aim is to study the tumour heterogeneity due to the geometry of a growing tumour caused by the phenotypic transfor-
mations of cells. In this context, an early vascular growth is considered after angiogenesis. Hence, the microenvironment 
of the solid tumour is rich of oxygen and nutrients. It is also considered that epidermal growth factor (EGF) is distributed 
into the surrounding extracellular matrix (ECM) of the tumour. The developed multi-layered model consists of three layers: 
intracellular or subcellular, cellular, and extracellular or tissue layer. The model integrates the events that occur simultane-
ously in these three layers to identify the underlying diversity. Here, every cell is represented as an agent. Characteristics of 
an agent are controlled by its intracellular protein expressions and its surrounding microenvironment. A mature proliferative 
or migratory or hybrid cell agent spawn two indistinguishable children unless it may convert into other phenotype due to 
influence of the microenvironment. Further, a simple cell cycle model is adapted which is influenced by EGF-EGFR signal-
ling pathway and the external oxygen and nutrients. Moreover, migratory and hybrid cells secrete several matrix degrading 
enzymes (MDEs) which remodel the ECM for tumour invasion locally. Several biomechanical forces are considered that 
simultaneously act on the cancer cells. The outcome of the model is very similar to the results reported in earlier studies. 
The model shows the characteristics of cancer invasion that include sustainable proliferation by ignoring growth suppressor 
signals and reproduction of cancer cells at abnormal proportion, restrict apoptosis, and invade into the surrounding tissue. 
As the simulation parameters get modified due to different biochemical and biophysical processes, the robustness of the 
model is determined. It is found that only a number of proliferative cells are moderately sensitive to the parameters and 
others are less-sensitive.
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1  Introduction

During the avascular phase, tumour growth is restricted due 
to inadequate nutrient and oxygen supply [10, 33, 74]. To 
sustain its growth, tumour cells secrete several biochemical 
species (tumour angiogenic factors (TAFs)) which stimulate 
the endothelial cells of the nearby blood vessels. New capil-
lary sprouts are formed from the stimulated endothelial cells 
during this phase. Capillary sprouts move in the direction of 
tumour due to the higher concentration of the TAFs. These 

capillaries are often fused to form loops to build a complex 
vascular network. This pathological phenomenon is known 
as angiogenesis.

During angiogenesis, tumour cells access the blood ves-
sels directly (vascular phase) and take oxygen, nutrients, 
and growth factors without any restrictions. In the vascular 
phase, cancer cells secrete several  MDEs, mainly diffusible 
matrix metalloproteinase-2 (MMP-2) [37] and membrane-
bounded membrane type-1 MMP (MT1-MMP) [64] which 
help to remodel the ECM [7]. The ECM is constructed with 
a complex mixture of macromolecules (MMs) like colla-
gen, laminin, fibronectin, and vitronectin [57]. Among these 
MMs, collagen is required for maintaining the structural 
integrity, and others are crucial for cellular adhesion, cell 
spreading, and cell motility. These MMs are bounded within 
the tissue (non-diffusible). Degradation of the ECM is an 
important event during invasion-metastatic cascade [42]. 
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Also, the expanding tumour creates a huge biophysical pres-
sure on the surrounding tissues. As a result, tumour gets 
extra spaces for expansion, and it grows in volume abruptly. 
During this phase, tumour cells invade into the neighbour-
ing tissues along the least resilient path through the ECM 
(invasion).

Further, tumour cells may invade into the surrounding 
blood and/or lymphatic vessels by getting separated from the 
primary tumour singly or collectively (intravasation) [72]. 
Blood and/or lymphatic vessels help the invaded tumour 
cells to circulate any sites of the body. But this task is not 
very easy. To survive and proliferate in the new environ-
ment, tumour cells are transformed that helps them to adapt 
new conditions and keep them alive. The circulated tumour 
cells which survived within the vessels may often get stuck 
to the vascular endothelium of distant organs (extravasa-
tion) and develop new colonies of cells (metastasis) [72]. 
Statistical analysis shows that 90% of cancer patients die of 
metastasis [29].

Tumour cell migration and invasion into the other organs 
or blood/lymphatic vessels are the pillars of metastasis. 
There can be various ways of cancer cell migration depend-
ing on cell types and the degrees of differentiation. The main 
cause of these mechanisms is the dynamic reformations of 
actin cytoskeleton that produces the necessary forces for 
cancer cell migration. During epithelial cell differentiation, 
the utility of cadherin is inhibited which leads to retraction 
of the cell-cell adhesion. The suppression of the cell-cell 
adhesive force separates the tumour cells from each other 
and makes them ready for solitary or collective migration 
[44]. This event is called epithelial-to-mesenchymal tran-
sition (EMT). E-cadherin is the key element of epithelial 
adherens junctions. Due to the reduction of E-cadherin in 
mesenchymal cell-cell junctions during EMT, N-cadherin 
increases (cadherin switch), thereby leading to cell motil-
ity and invasion [40]. This functional loss can happen due 
to abnormality in chromosomes, mutations in germline 
and somatic genes, DNA hyper-methylation of E-cadherin 
gene (Cdh1), transcriptional repression, signal transduction 
of a huge number of growth stimuli, and Notch signalling. 
Numerous growth stimuli like, hepatocyte growth factor, 
fibroblast growth factors (FGF), EGF, transforming growth 
factor β (TGF-β), and Notch signalling stimulate the E-cad-
herin loss. Also, hypoxic conditions in tumour cells influ-
ence the cells for migration and spreading.

In general, EMT is considered as a transformation pro-
cess that alters more epithelial cells into more mesenchymal 
phenotype [50, 21]). Another process exists in the phenom-
ena which are just reverse to EMT, i.e. mesenchymal-to-
epithelial transition (MET) [60]. MET reverses the pheno-
typic changes induced by the EMT. Recently, researchers 
[50] have found that a new cell line exists along with more 
epithelial and more mesenchymal phenotypes. They also 

observed that this new type of cells carries the features of 
the epithelial as well as mesenchymal cells. Researchers 
named this phenotype a hybrid/partial state. More epithelial-
type cells are more proliferative and less motile, while more 
mesenchymal-type cells are more motile but less prolifera-
tive. Recent studies show that mesenchymal cells may have 
full cell cycle arrest during the cell cycle [43, 68], while the 
hybrid cells are proliferative as well as motile [30].

Motile tumour cells may breach the lymphatic and/or 
blood vessel wall and then reach to other sites of the body 
through the lymphatic (lymphatic spread) and/or blood ves-
sels (haematogenous spread). Motile tumour cells move 
either singly or collectively, and these movements are simul-
taneous. On the other hand, single cell motility is classified 
into mesenchymal cell migration and amoeboid migration 
[25]. Either or both of them can be seen in cancer cells. 
Collective cell migration preserves their cell-cell junctions 
and move with the connection to their originating tissue or 
separately in the form of a sheet, strands, tubes, and clusters. 
Migrating cells develop a cone or finger-like cell membrane 
bulge and then intravasate and circulate like cell clusters 
that are very proficient in embolizing lymphatic or blood 
vessels. Collective migration needs synchronization between 
cell-cell adhesion and cell contractibility [48]. It can be seen 
in breast cancer, prostate cancer, lung cancer, melanoma, 
etc. Motile cells collectively infiltrate the surrounding 
matrix. The leading cell generates an invasion path using 
β1-integrin-mediated focal adhesions and metalloproteinases 
to rupture the collagen fibres. It forms a tube-like structure 
in which the following cells can migrate. Invasive migration 
and proteolytic matrix remodelling control the collective cell 
motility.

Cancer cells interact with its surrounding environment in 
bi-directional way. It not only affects the surrounding micro-
environment but also involve the stroma and other noncan-
cerous cells for invasion and metastasis [71]. These complex 
interactions are very difficult to understand in biological 
wet-lab experiments. Mathematical models are used widely 
to explore this complex phenomenon which can help in clini-
cal diagnostics and therapeutics. Over the last two decades, 
researchers have developed several mathematical models 
from different perspectives to understand various complexi-
ties in solid tumour invasion and metastasis. Anderson et al. 
[4] have described a macro-scale mathematical model for 
cancer cell invasion based on partial differential equations 
(PDEs). The model consists of tumour cells that secrete 
MDEs for degenerating the host tissues. The model assumes 
the tumour as a single entity. A series of PDEs describe 
the activation of MDEs, remodelling of the ECM, and the 
migratory response of the tumour. Numerical results are also 
compared with the clinical observations qualitatively. A sim-
ple tri-phasic multicellular model is described by Ambrosi 
and Preziosi [2] which considered that the motility of cells 
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is due to cell-cell interactions. The model is also assumed 
that the biomechanical pressure inside the tumour spheroid 
and at the edge of external tissue is due to the uncontrolled 
growth of tumour cells. Chaplain and Lolas [11, 12] have 
proposed reaction-diffusion-based mathematical models for 
tumour cell invasion into the tissue to observe the tumour 
growth dynamics due to the influence of spatiotemporal 
dynamics of plasminogen activators (PAs). The models 
show the complex dynamics related to tumour heterogene-
ity, cancer cell evolution, and invasion.

Gerisch and Chaplain [27] have illustrated the cancer 
cell invasion model. They have considered cell-cell and 
cell-matrix adhesion forces. They formulated a sequence of 
PDEs in which the cells use sensing radius to identify their 
microenvironment. The paper showed that the nearest cells 
converge with reaction-diffusion–taxis equations. Sherratt 
et al. [65] have extended the concept of cell-cell and cell-
matrix adhesion to incorporate into the continuum model in 
which the integral part represented the local microenviron-
ment of a cell. They have used this concept to observe the 
roles of cell-cell adhesion in cell aggregation. The model 
described that there exists an equilibrium between cell-cell 
and cell-matrix adhesion during invasion. Andasari et al. [3] 
have analysed the roles of urokinase PA (uPA) using a spa-
tiotemporal continuum model which consists of uPA, uPA-
inhibitors, plasmin, and the host tissue. Chaplain et al. [13] 
have developed a mathematical model for cancer cell inva-
sion in which tumour cells invade into the ECM by secreting 
the MDEs. They have examined cell-cell and cell-matrix 
bindings in tumour invasion using integral terms.

Deakin and Chaplain [18] have designed a computational 
model of tumour cell invasion to investigate the effectiveness 
of soluble, diffusible MMP-2, and membrane-bounded MT1-
MMP. In this context, they have considered MMP-14 (acti-
vator of MMP-2), the tissue inhibitor metalloproteinases-2, 
and the porous architecture of the ECM including collagen 
fibres. They have shown that during the movement through 
the ECM, cancer cells depend more on membrane-bounded 
MMPs to forge a path through which degradation by the 
other MMPs. Domschke et al. [20] have illustrated the spa-
tiotemporal dynamics of cancer cell invasion by accounting 
cell-cell and cell-matrix adhesion using a continuum model. 
They have investigated the change in adhesive properties 
among cancer cell populations during cell growth and the 
development through time-dependent adhesion character-
istics. Their results established a range of heterogeneous 
dynamics which is similar to tumour invasive growth pat-
terns. Franssen et al. [24] have presented a multi-grid, spa-
tiotemporal model to describe cancer cell invasion as well 
as metastasis in a single framework. Here, they have shown 
the spatiotemporal growth of mesenchymal and epithelial 
cells and their interaction with the ECM. Similar to the work 
of Deakin and Chaplain [18, 24] also has considered the 

effects of MMP-2 and MT1-MMP. They have encountered 
the crucial events of invasion-metastasis cascade by includ-
ing single-cell and multi-cell invasion, the ECM degradation 
due to MDEs, intravasation of these motile cells through 
the leaky blood vessels, circulation of cancer cells into the 
vessels, and extravasation and metastatic growth of survived 
circulating tumour cells at the secondary organs. In another 
study, Franssen and Chaplain [23] have extended their previ-
ous work and presented a trade-off between the motile and 
proliferative phenotype. Here, they have included a mixed 
phenotypic state with more proliferative and more motile 
cells. In this model, cancer cells may transit in between these 
two extreme states through the EMT and the MET. They 
have also included the likelihood of spread of cancer cells 
into several distant organs and the microenvironment and 
immune response at the secondary sites.

Tumour growth and its progression is very complex, 
multi-layered, and multi-phases dynamical process. In multi-
scale tumour microenvironment systems, alterations in any 
layer lead to spread its effects to the other layers. Therefore, 
for better underlying biological knowledge about tumour 
cell invasion, it is required to know the events at different 
spatiotemporal scales. This is only possible by using the 
multi-scale modelling approach. There are very few litera-
tures available that focused on the development of multi-
scale models for tumour cell invasion into the tissue. In this 
context, Athale et al. [5] have built a multi-layered spati-
otemporal hybrid framework by including an EGF-EGFR 
network and a mitosis-associated response pathway that 
decides whether a cell should proliferate or migrate. They 
have concluded that the behavioural choices in the cellular 
layer are influenced by its microenvironment. Zhang et al. 
[75] have extended their previous work [5] and built a novel 
3D multi-layer model for simulating brain tumour by includ-
ing an EGFR protein interaction network with a basic cell 
cycle model. They have shown that the number of migratory 
and proliferative cells oscillates over time and also influ-
ences the spatiotemporal dynamics of tumour growth. But 
both of these studies ignore cellular adhesion and chemo-
tactic and haptotactic movements. Rocha et al. [56] have 
developed a multi-scale hybrid tumour growth model that 
accounts several biophysical forces acted on the tumour 
cells. Phenotypic transitions of cellular agent are described 
that is led by the EGF-EGFR signalling. The EGF-EGFR 
signalling pathway is modelled with a sequence of ordinary 
differential equation (ODEs). The data between the cellular 
and the tissue scale is transferred in both directions through 
the reaction and source terms of PDEs.

Most of the literatures described above have not con-
sidered the effect of physical forces acted on tumour cells 
during tumour cell invasion, especially most of them have 
ignored cell-cell adhesion (except Anderson et al. [4], 
Gerisch and Chaplain [27, 65], and Rocha et al. [56]). Also 
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most of the researches have considered that cell cycle dura-
tion is a fixed time interval (except Zhang et al. [75]). But 
biologically, cell cycle period may vary depending on the 
microenvironment. In this article, a multi-layered hybrid 
model for solid tumour invasion (in epithelial tissue) into 
the surrounding tissue is developed by incorporating sub-
cellular, cellular, and tissue-layer events. The model includes 
several physical forces like cell-cell adhesion, repulsion, 
chemotaxis, and haptotaxis. An age-structured cell cycle 
model is also incorporated with EGF-EGFR pathway that 
describes the effects of microenvironment on cell division. 
ABM is one of the modelling techniques that naturally suit-
able for multi-scale tumour growth modelling. These hybrid 
models consist of self-governing choice making elements 
that can be integrated with the systems of ODEs and PDEs. 
Here, every autonomous cellular agent independently evalu-
ates its situation and makes decisions on the basis of the set 
of rules.

In this context, we assume that the tumour passes through 
its avascular and angiogenesis phase. Hence, without the 
loss of generality, we assume that the microenvironment 
of the tumour is oxygen and nutrients rich. The vascular 
tumour initially contains proliferative, hypoxic, quiescent, 
necrotic, and apoptotic cells. These cells may transform into 
other phenotypes because of its microenvironment and inter-
nal signals. Moreover, we consider that EGF is randomly 
distributed into the surrounding ECM of the tumour. The 
alteration of phenotypes is depended on the cell cycle inte-
grated EGF-EGFR signalling pathway, as well as its neigh-
bourhood. The model considers that the mature proliferative 
or motile or hybrid tumour cells spawn two indistinguish-
able offspring. Initially these offspring are quiescent. If the 
microenvironment is suitable for them, then these daughter 
cells always become like its parent. But if the microenviron-
ment is not supportable, then it can be transformed into any 
other phenotype depending on its external conditions.

At the subcellular level, cell fates are decided by the 
EGF-EGFR protein pathway. It decides whether a prolif-
erative cell remains proliferative or transforms into migra-
tory or hybrid phenotype. Cell cycle is regulated by several 
kinds of sub-cellular species like PLCγ, ERK, cyclin, cyclin-
dependent kinases (CDKs), cadherin-1 (Cdh-1), nutrients, 
and oxygen. Generally, rate of changes in PLCγ and ERK 
have decided that whether a cancer cell be a proliferative or 
migratory or hybrid category phenotype. On the other hand, 
the higher concentration level of p27 converts a proliferative, 
migratory, or hybrid tumour cell into hypoxic one. Gener-
ally, the expression of p27 is very low in cancer cells. But, 
hypoxic condition overexpresses p27 in the tumour cells. 
Raise of p27 is responsible for alteration of state of a cancer 
cell. The hypoxic cell converts into necrotic after a certain 
time. In this article, an age-structured ODE-based model 
is incorporated for cell cycle with EGF-EGFR signalling 

pathway. Here, we consider that p27 inhibits p53 gene 
expression (growth suppressor signal).

Here, we consider the existence of mixed phenotypic 
state with more proliferative, more motile, apoptotic, 
hypoxic, quiescent, and necrotic cells. In this model, 
cancer cells may transit in between these two extreme 
states (proliferative and motile) through the EMT and the 
MET. The tumour cells and its surrounding microenviron-
ment create numerous biomechanical forces that act on the 
tumour cells and support them to travel through the ECM 
without any restrictions. These forces perform a key role 
in tumour cell invasion and metastatic cascade. The model 
also adapt that membrane-bounded MT1-MMP and the 
diffusible MMP-2 are the main actors for degrading the 
ECM. The extracellular activities can be described with 
a series of PDEs.

Activities in the subcellular, cellular, and extracellu-
lar layers are integrated with the agent-based modelling 
(ABM) which act as a single dynamical system. A graphi-
cal version of this model is illustrated in Fig. 1. Aim of 
this article is to study the tumour cell heterogeneity due to 
the geometrical change of a growing tumour caused by the 
phenotypic transformations of cells. The outcome of the 
model is very similar to the reported results in earlier stud-
ies [14, 70, 75]. As the simulation parameters get modified 
due to different biochemical and biophysical processes, 
the robustness of the model is determined. The robustness 
model is established with sensitivity analysis. The model 
also illustrates the crucial features of the invasive cancer.

This article is organized as follows: Section 2 illustrates 
the model of subcellular layer that is represented by a cou-
ple of ODEs; Section 3 describes the model of cellular 
layer; Section 4 shows the extracellular layer model that 
is characterized by a set of PDEs; Section 5 integrates 
of all the activities across different spatiotemporal layers 
and computes the simulations of this model with diverse 
initial conditions; Section 6 establishes robustness of the 
model using sensitivity analysis; and Section 7 concludes 
this article.

2 � Subcellular layer

Cell is the main functional unit in multicellular environ-
ment. Every cell is wrapped within a porous cell membrane. 
The functions of cell membrane are to guard a cell from 
the outside environment, maintain its pH level and other 
molecules in stable condition, etc. Experimental evidence 
shows that the EGF-EGFR signalling pathway is one of the 
existing pathways that involved in many types of tumour 
growth, invasion, and metastasis like breast tumour [47], 
brain tumour Chicoine and Silbergeld [15], and non-small 
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lung tumour [28, 34]. Hence, researchers have studied EGF-
EGFR pathway extensively to understand the downstream 
effects which influence the prototypic transformations in 
tumour cells. Extracellular EGF protein binds with the cel-
lular EGFR [53, 58] that upregulate the EGFR expression 
in the cancerous cell which increases cell motility and inva-
siveness and finally raises the chance of metastasis [52, 52].

In this section, the EGF-EGFR signalling pathway model 
[70] is discussed in brief. A simple age-structured cell 
cycle model in the context of tumour cell invasion is also 
incorporated.

2.1 � EGF‑EGFR protein network model

EGF-EGFR signalling pathway is very complex, multi-
functional, and diverse [28]. In the last couple of decades, 
researchers have studied EGFR-related signalling pathway 
extensively Brightman and Fell [8, 31, 38, 54, 62, 63, 70], 
and [32] for the invasive tumour growth modelling. In 
this research, we have adopted a kinetic model proposed 
by Wang et al. [70], which contains twenty molecular spe-
cies (Fig. 2) interacting with each other. In this context, it is 
assumed that the cellular EGFR pathway is activated by the 
binding with EGF molecules that scatter surrounding the 
ECM. The EGF-EGFR signalling pathway includes EGF 
receptor (EGFR) (Z2) and non-receptors like PLCγ (Z6), 
protein kinases C (PKC) (Z11), Raf (Z13), mitogen-activated 
protein kinases (MEK) (Z15), and ERK (Z18). Scientists have 
found the evidence that PLCγ and ERK are the especially 
responsible for the phenotype transformations of tumour 
cells [70].

The kinetic model of this signalling pathway consists of 
twenty ODEs. The model considers that the rate of changes 
of every molecular species with respect to time is equal 
to the difference between the net productions and the net 
consumptions (described in Equation (1)). In Equation (1), 
Zi represents the molecular species where i = 1, 2, …, 20. 
Every protein interaction is characterized by uj where j = 
1, 2, … , 19 (Fig. 2). Model parameters and the ODEs are 
defined in Tables 1 and 2, respectively.

2.2 � Cell cycle model

Here, a simple cell cycle model is adapted. It is also modi-
fied as required to fit in the multi-scale environment [59]. 
The cell cycle is controlled by cyclin, CDKs, APC, sur-
rounding nutrients, and oxygen. The actions of cyclin-CDK 
are supressed by the over-expression of p27 gene. This event 

(1)
d
(
Zi
)

dt
=
∑

uproduction−
∑

uconsumption

delays the advancement of cell cycle. Further, cyclin-CDK 
stimulates the retinoblastoma (RB) protein (Fig. 2).

The model assumes that the p27 expression decides 
whether a cell converts from proliferative or migratory or 
hybrid cell to a hypoxic cell or not. Hypoxic cells trans-
form into necrotic after a certain moments. Moreover, it 
assumes that nutrients and oxygen work as suppressors of 
p27 and activators of cyclin-CDK (Fig. 2). Here we con-
sider that cell cycle controls its mass (m) and radius (R).

Changes in Cdh1-APC (Z21), cyclin-CDK (Z22), p27 
(Z23), nPRB (Z24), p53 (Z25), R, and m are described with 
the following ODEs:

In Equations (2-8), Z21, Z22, Z23, Z24, and Z25 are the 
kinetic parameters; k20 – k33,KZ22

,KZ23
, KZ24

, and � are the 
dimensionless constant (DCs). The value of α varies depend-
ing on the phenotype of cancer cells. It is considered that 
if cell is more proliferative, then α = 0.9; if the cell is more 
motile, then α = 0.3; and for hybrid cells α = 0.6. In Eq. (2), 
K20 and K21 << 1 (Michaelis-Menten constants). In Eqs. 
(7–8), m∗ and R∗ are characterized as the mass and radius of 
a mature proliferative cell, and they are in ng and μm scale. 
CO and CN in Equations (2-3) are represented surrounding 
oxygen and nutrient levels (dimensionless). We assume that 
cell division would occur if Z21 is below the threshold Zth

21
 

and Z22 is above the threshold Zth
22
. Here, it is considered that 

Zth
21

 = 0.004 and Zth
22

 = 0.05 [1]. We consider that ‘G1’ phase 

(2)
d
(
Z21

)
dt

=
1 + k20.Z24

K20 + 1 − Z21
−

k21R.Z21.Z22

K21 + Z21

(3)

d
(
Z22

)
dt

= k22

(
1 + �.CO.CN

)
.CO.CN

KZ22
+ CO.CN

−
(
k23 + k24.Z21 + k25.Z23

)
.Z22

(4)
d
(
Z23

)
dt

= k26 − k27
CO.CN

KZ23
+ CO.CN

.Z23

(5)
d
(
Z24

)
dt

= k28 −
(
k29 + k28.Z22

)
.Z24

(6)
d
(
Z25

)
dt

= k30 − k31
Z23

KZ25
+ Z23

.Z25

(7)
dm

dt
= k32.m.

(
1 −

m

m∗

)

(8)
dR

dt
= k33.R.

(
1 −

(
R

R∗

)3
)
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in cell cycle continues until the concentration of Z21 > Z22, 
whereas during the other phases Z22 > Z21.

The system of equations for the intracellular model is 
described in Tables 1, 2, and Equations (2-8). Fourth-order 
Runge-Kutta method has been used to solve the ODEs with 
the values mentioned in Table 3 and step size tmol. It is found 
that the mean cell cycle duration is 23.86 ± 7.76h (in simula-
tion). The preliminary values required to solve these ODEs 
(Eqs. (2-8)) are as follows [59]:

3 � Cellular layer model

The intracellular and extracellular processes directly effect 
on tumour cell phenotype. A cell may have several number 
of mutations in cell cycle duration that depend on the intra-
cellular as well as tissue layer. These repeated mutations 

Z21 = 0.9; Z22 = 0.01; Z23 = 0.0; Z24 = 1.0; Z25 = 0.0;m =
m∗

2
; and R =

R∗

2

may lead to phenotype transformations. It is also considered 
that at the cellular layer, tumour cells are experienced dif-
ferent biophysical forces that move cancer cells in the ECM 
freely.

Here, we describe the phenotype alterations in cancer 
cells and the applied forces on cancer cells.

3.1 � Cancer cell phenotype transition

Here, we consider that a cancer cell could be one of the 
phenotypes in Ps= {‘P’, ‘H’, ‘Q’, ‘A’, ‘N’, ‘M’, ‘Hy’} in its 
life time. Here, ‘P’, ‘Q’, ‘H’, ‘A’, ‘N’ ‘M’, and ‘Hy’ denote 
the proliferative, quiescent, hypoxic, apoptotic, necrotic, 
migratory, and hybrid state respectively. In this research, 
we have considered that every proliferative, migratory, and 
hybrid cancer cells are in quiescent state initially. Due to 
external microenvironment and internal protein expres-
sions, a tumour cell transforms from its current state to 
another state, or it may remain same. Hence, phenotype 
of a cancer cell at the next time instance depends on the 
current state and its subcellular as well as the extracellular 

Fig. 1   Multi-layered hybrid 
framework for solid tumour cell 
invasion.
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conditions. The state transition diagram of cancer cell is 
presented in Fig. 3.

A proliferative cancer cell may alter into other phe-
notypes (‘H’, ‘M’, or ‘Hy’), or it remains proliferative 
unless it divides into two offspring after becoming adult. 
Absence of mitogenic stimuli in the early phase of the 
cell cycle, new offspring stuck into ‘G0’ phase and they 
become quiescent. Hence, in this article, it is considered 
that offspring are in quiescent state initially and its state 
may change in future depending on its niche. A quiescent 

cell i may transform into proliferative state if its parent 
(Pa(i)) was in proliferative state and the surrounding 
microenvironment is suitable. Suitable microenvironment 
refers to sufficient nutrients (CN > �P

N
 ) and oxygen (CO > 

�P
O

 ) that is required for cell proliferation. Therefore, the 
probability (P1) for the transition from ‘Q’ to ‘P’ depends 
on available nutrients and oxygen. Hence, P1 is defined 
as (Eq. (9))

Fig. 2   Kinetic model EGF-
EGFR signalling pathway with 
a simple cell cycle model. The 
arrows represent the influential 
signal.
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A motile or hybrid tumour cell may also have transformed 
into a proliferative cell if condition C3 (is discussed later) 
has satisfied.

A proliferative, motile or hybrid cancer cell may trans-
form into hypoxic state, if p27 protein overexpress than a 
predefined level 

[
p27

]H
th

 because of lack of oxygen and nutri-
ents. Here, we assume that cancer cells which are in hypoxic 
state are suspended from its cell cycle. The chances for the 
transition from ‘P’ to ‘H’ (P2), ‘M’ to ‘H’ (P3), and ‘Hy’ to 
‘H’ (P4) are defined in Equations (10-12), respectively,

(9)

P1

(
PS(t + Δt) =� P

�|PS(t) =� Q
� ∧ Pa(i) =� P

�
)

= 1 − exp

[
−

(
CN − �P

N

�P
N

)(
CO − �P

O

�P
O

)]

(10)

P2

�
PS(t + Δt) =� H��PS(t) =� P�

�
= 1 − exp

⎛⎜⎜⎝

�
p27

�
−
�
p27

�H
th�

p27
�H
th

⎞⎟⎟⎠

(11)

P3

�
PS(t + Δt) =� H��PS(t) =� M�

�
= 1 − exp

⎛⎜⎜⎝

�
p27

�
−
�
p27

�H
th�

p27
�H
th

⎞⎟⎟⎠

(12)

P4

�
PS(t + Δt) =� H��PS(t) =� Hy�

�
= 1 − exp

⎛⎜⎜⎝

�
p27

�
−
�
p27

�H
th�

p27
�H
th

⎞⎟⎟⎠

Moreover, a quiescent cell transforms into hypoxic state 
depending on the nutrients (CN) and oxygen (CO) unavail-
ability. If nutrients and oxygen concentration reduces below 
a certain levels, i.e. CN < �Q

N
 , and CO < �Q

O
 , then chances 

for the conversion from ‘Q’ to ‘H’ (P5) rises. Hence, P5 is 
defined as (Eq. (13))

Further, a mature/adult proliferative or migratory or hybrid 
cell divides into two offspring. These two new born cells are 
characteristically same. They have same mass (m*/2) and 
consist of same radius (R*/2). These cells are initially quies-
cent (according to our assumption) and occupy nearby ran-
dom positions. It is assumed that the point of a parent cell be (
x0, y0

)
 . Then locations of these offspring (quiescent cells) are

where (x1, y1) and (x2, y2) are the locations of two off-
spring; �1,�2 ∈ [0, 2�) with uniform distribution. Apoptosis 
describes programmed cell death. In tumour microenvironment, 
chances of apoptosis are very low. Therefore, in this paper, we 
assume that a ‘Q’ cell may alter into ‘A’ with the probability 
(P6) that is influenced by the number of neighbouring ‘Q’ cells 
(nQ) and the time period it spends as ‘Q’ (TQ) cell. Therefore, 
P6 is defined as (Eq. (15))

(13)P5

(
PS(t + Δt) =� H

�|PS(t) =� Q
�
)
= 1 − exp

[
−

(
�Q
N
− CN

�Q
N

)(
�Q
O
− CO

�Q
O

)]

(14)
x1 = x0 + R∗ cos�1; y1 = y0 + R∗ sin�1;

x2 = x0 − R∗ cos�2; y2 = y0 − R∗ sin�2;

}

Table 1   Kinetic equations and 
initial conditions [70]

Reactant Molecules Initial condition (in [nM]) Kinetic equation

Z1 EGF Tissue Scale EGF d(Z1)/dt = – u1

Z2 EGFR 80 d(Z2)/dt = – u1

Z3 EGF-EGFR 0 d(Z3)/dt = u1 – 2u2

Z4 (EGF-EGFR)2 0 d(Z4)/dt = u2 + u4 – u3

Z5 EGF-EGFR-P 0 d(Z5)/dt = u3 + u7 – u4 – u5

Z6 PLCγ 10 d(Z6)/dt = u8 – u5

Z7 EGF-EGFR- PLCγ 0 d(Z7)/dt = u5 – u6

Z8 EGF-EGFR- PLCγ-P 0 d(Z8)/dt = u6 – u7

Z9 PLCγ-P 0 d(Z9)/dt = u7 – u8 – u9 – u10

Z10 PLCγ-P-I 0 d(Z10)/dt = u9

Z11 PKC 10 d(Z11)/dt = – u10

Z12 PKC* 0 d(Z12)/dt = u10 – u11

Z13 Raf 100 d(Z13)/dt = – u11

Z14 Raf* 0 d(Z14)/dt = u11 – u12 – u14

Z15 MEK 120 d(Z15)/dt = u13 – u12

Z16 MEK-P 0 d(Z16)/dt = u12 + u15 – u13 – u14

Z17 MEK-PP 0 d(Z17)/dt = u14 – u15 – u16 – u18

Z18 ERK 100 d(Z18)/dt = u17 – u16

Z19 ERK-P 0 d(Z19)/dt = u16 + u19 – u17 – u18

Z20 ERK-PP 0 d(Z20)/dt = u18 – u19
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We assume that the apoptotic cells stay in the domain 
for a static time period TA; later they are vanished due to 
phagocytosis. We also consider that apoptotic cells gradu-
ally lose its mass and radius up to TA/2 time interval with 
a fixed rate (Equation (16)). R0 in Eq. (16) represents the 
radius of a quiescent cell. After the time duration TA, 
apoptotic cells release their occupied positions for the 
other cells.

We consider that a hypoxic cancer cell may alter into necrotic 
by the influence of the number of neighbouring hypoxic cells 
(nH), and the time interval it spends as hypoxic state (TH). As 
nH and TH increase, the chance of alteration from hypoxic to 
necrotic is also increased. Hence, P7 is defined as (Eq. (17))

(15)P6

(
PS(t + Δt) =� A

�|PS(t) =� Q
�
)
= 1 − exp

[
−

(
nQ

1 + n
T

)(
TQ − 2T

c

T
c

)]

(16)R
TA∕2
i

= R

(
TA∕2

)
−Δt

i

(
1 −

R0

TA

)

In Eqs. (15) and (17), nT and TC denote the count of 
cancer cells exist in its neighbouring place and the aver-
age cell cycle interval respectively. In this context, we 
assume that at the time instance t, neighbouring cell(s) 
of a cell V defines the cancer cell(s) whose centre(s) is 
within a predefined distance (r) from the centre of V 
(Fig. 4). Here, r = 2R∗.

Necrotic cancer cells degrade as its surface receptors 
and sub-cellular structure are destroyed. Here, we consider 
that, initially, the necrotic cell swell up to 3

√
2 times so 

that Ri
t ≤ R*. After that, it lyse and loose its internal flu-

ids which leads to inactivate the surface receptors. Then 
calcification initiates [66]. Therefore, cell mass and radius 
reduce at fixed rates until the radius is 1 μm. We consider 
that calcification takes TN time that is divided into TNL, 
TNS, and TNC which are representing cell swelling, lysing 
time (TNL), surface receptors inactivation (TNS), and cal-
cification time (TNC), respectively. Therefore, TN = TNL + 
TNS + TNC.

Dittmar et al. [19] have recognized that PLCγ is trig-
gered rapidly during cancer cell migration and more 
slowly during proliferation. PLCγ is also known for 

(17)P7

(
PS(t + Δt) =� N

�|PS(t) =� H
�
)
= 1 − exp

(
−

(
nH

1 + n
T

)(
TH − T

c

T
c

))

Table 2   Kinetic parameters. Concentrations and the Michaelis-
Menten constants (K) are given in [nM]. First and second order rates 
are given in [s-1] and [nM-1s-1], respectively, and a’s are given in 
[nMs-1] [56]

Reaction Equations Kinetic parameters

u1 w1Z1Z2 – w-1Z3 w1 = 0.003 w-1 = 0.06
u2 w2Z3Z3 – w-2Z4 w2 = 0.01 w-2 = 0.1
u3 w3Z4Z3 – w-3Z5 w3 = 0.01 w-3 = 0.1
u4 a4Z5/(K4+Z5) w4 = 450.0 K4 = 50.0
u5 w5Z5Z6 – w-5Z7 w5 = 0.06 w-5 = 0.2
u6 w6Z7 – w-6Z8 w6 = 1.0 w-6 = 0.05
u7 w7Z8Z6 – w-7Z5Z7 w7 = 0.3 w-7 = 0.006
u8 a8Z9/(Z8+Z9) a8 = 1.0 K8 = 100.0
u9 w9Z9 – w-9Z10 w9 = 1.0 w-9 = 0.03
u10 w10Z9Z11 – w-10Z12 w10 = 0.214 w-10 = 5.25
u11 a11Z12Z13/(K11+Z13) a11 = 4.0 K11 = 64.0
u12 a12Z14Z15/(K12 

(1+Z16/k14)+Z15)
a12 = 3.5 K12 = 317.0

u13 a13Z16/(K13 
(1+Z17/K15)+Z16)

a13 = 0.058 K13 = 2200.0

u14 a14Z14Z16/(Z14 
(1+Z15/K12)+Z16)

a14 = 2.9 K14 = 317.0

u15 a15Z17/(Z15 
(1+Z16/K13)+Z17)

a15 = 0.058 K15 = 60.0

u16 a16Z17Z18/(K16 
(1+Z19/K18)+Z18)

a16 = 9.5 K16 = 1.46105

u17 a17Z19/(K17 
(1+Z20/K19)+Z19)

a17 = 0.3 K17 = 160.0

u18 a18Z17Z19/(K18 
(1+Z18/K16)+Z19)

a18 = 16.0 K18 = 1.46105

u19 a19Z20/(K19 
(1+Z19/K17)+Z20)

a19 = 0.27 K19 = 60.0

C3

C2

P3

C1

C2

C3

C1

P4 P9

P8

P6P7

P5

P1P2

Removed from the domain
Cell calcification

P

QH

N A

Hy
M

Fig. 3   State-transition diagram for cancer cell phenotype
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directional movement of cells in the response to the EGF 
[49]. Therefore, we assume that the rate of change of 
PLCγ (MMi in Equation 18) of ith cell decides whether the 
cell transforms into migratory or not. Researchers Brog-
nard and Dennis, [9, 41, 69] have also experimentally 
found that, ERK have a strong impact on cell prolifera-
tion. Rapid activation of ERK with the EGF leads to cell 
replication Marshall [46]. Hence, in this study, we assume 
that the rate of change in ERK (MPj in Equation 19) of jth 
cell decides whether a migratory cell proceeds towards 
proliferative one. Here, we have considered threshold val-
ues for PLCγ 

(
Xth
6

)
 and ERK 

(
Xth
18

)
 which indicate whether 

any transformations are taken place in the proliferative 
cell or migratory cell.

In this paper, we assume the conditions C1, C2, and C3 
which are responsible for transforming the phenotype of a 
tumour cell among proliferative, migratory, and hybrid cells. 
The conditions C1, C2, and C3 are the following (Eq. (20)).

A cell i is in quiescent state, may transform into either motile 
or hybrid state if its parent (Pa(i)) was in motile or in hybrid state 
and the surrounding microenvironment is suitable. Therefore, 
the probabilities P8 and P9 for the transition from ‘Q’ to ‘M’ or 
‘Q’ to ‘Hy’ are defined as Eqs. (21) and (22), respectively,

All the variables in Equations (9) to (22) are dimension-
less. The parameters are summarized in Table 4. In Equations 
(9), (21), and (22), �P

O
, �P

N
, �M

O
, �M

N
, �

Hy

O
, and �

Hy

N
 are oxygen 

and nutrient consumptions by the proliferative, motile, and 
hybrid cells, respectively. For the sake of simplicity, here 
we consider �P

N
= �M

N
= �

Hy

N
and �P

O
= �M

O
= �

Hy

O
 . Similarly 

(18)MMi =

(
dX6

dt

)

i

(19)MPj =

(
dX18

dt

)

j

(20)

C1 ∶ MPi > Xth
6
andMMi < Xth

18

C2 ∶ MPi > Xth
6
andMMi > Xth

18

C3 ∶ MPi < Xth
6
andMMi > Xth

18

⎫⎪⎬⎪⎭

(21)

P8

(
PS(t + Δt) =� M

�|PS(t) =� Q
� ∧ Pa(i) =� M

�
)

= 1 − exp

[
−

(
CN − �M

N

�M
N

)(
CO − �M

O

�M
O

)]

(22)

P9

(
PS(t + Δt) =� Hy

�|PS(t) =� Q
� ∧ Pa(i) =� Hy

�
)

= 1 − exp

[
−

(
CN − �M

N

�M
N

)(
CO − �M

O

�M
O

)]

in Eq. (13), �Q
O
 and �Q

N
 are the consumptions of oxygen and 

nutrients by the quiescent cells.

3.2 � Cancer cell migration

Cell interactions are crucial function for maintaining the tissue 
structure. In this article, cell-cell and cell-matrix bindings are 
considered. Here, every cancer cell i is categorized by its radius 
Rt
i
 and mass mt

i
 at position (xi, yi), with its velocity 

(
��⃗vi
)
 and its 

state Pi
S
.(t)Rt

i
,mt

i
, and Pi

S
(t) may change with the cell cycle 

activities and time. We consider that ��⃗vi of a cancer cell in vas-
cular phase varies not only due to the biomechanical forces but 
also phenotype of a cell. The model considers that five biome-
chanical forces simultaneously act on the cancer cells: cell-cell 
adhesion force 

(
�
i,j

adhesion

)
 , cell-cell repulsion force 

(
�
i,j

repulsion

)
, 

haptotactic force 
(
�i
hapto

)
 , chemotactic force 

(
�i
chemo

)
 , and drag 

force 
(
�i
drag

)
 . Hence, total biomechanical forces act on a cancer 

cell i is

In Equation (23), B(t) is the number of cells present in 
the domain at time t, and Fi is the collection of applied force 
on the ith cell. Cell-cell interaction is an important feature in 
multicellular organism. It helps to maintain an equilibrium in 
tissue structures. Cancer cells are communicated with each 
other through the cell surface binding proteins. These binding 
proteins can bind with the same type as well as other types 
of receptors of the surrounding cells. Actin polymerization 
or depolymerisation is a responsible process for changing of 
morphology of a cancer cell. It helps a cancer cell to extend 
itself up to a certain distance from its midpoint.

We consider that interaction forces act between the adja-
cent cancer cells and it affect cell growth, cell division, 
and cell death mechanisms. It consists of two components: 
adhesion and repulsion. Adhesion acts between the receptor-
ligands on the surface of a cell [45]. The adhesion force 

(23)

�i = �i
drag

⏟⏟⏟
drag force

+ �i
chemo

⏟⏟⏟
chemotactic force

+ �i
hapto

⏟⏟⏟
haptotactic force

+

B(t)∑
j=1
j≠i

(
�
i,j

adhesion
+ �

i,j

repulsion

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
cell - cell interaction force

0 QCell cycle duration 

Physical 

changes in 

cell 

Radius 

Time 

Fig. 4   Life cycle of a tumour proliferative cell
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increases with the contact surface area of the adjacent cells. 
Conversely, cells repel the compression force (by the repul-
sion force) from the adjacent cells with the help of surface 
tension of the membranes, cytoskeletons structure, and cyto-
plasm incompressibility [45]. Both of these forces are weak 
forces (Fig. 5).

In this paper, we assume that every cancer cells are circular 
in shape irrespective of the phenotype and it can extend itself 
beyond its radius to maintain the adhesive binding (except 
the migratory cells) with the adjacent cells. In this research, 
it is considered that a cancer cell i with radius Rt

i
 can main-

tain the maximum adhesive interaction distance aRt
i
 such that 

aRt
i
≥ Rt

i
 at time instance t. Here, aRt

i
= 1.214Rt

i
 [56] at any 

time instance t. The governing functions (Eqs. (24 and 25)) 
that represent the adhesion and repulsion forces are as follows:

where d represents the distance between centre of two cells. 
Fig. 6a and b describe that the adhesion and repulsion forces 
vary with the distance between two adult tumour cells. As the 
gap between two cells increases, the adhesion force (dimen-
sionless) initially increase, but after that, it gets reduced to 
zero sharply after aRt

i
 . However, the repulsive force increases 

with the distance between two cells and turns to zero at aRt
i
 . 

Both the adhesion and repulsion forces are weak.
Haptotactic defines cell movement towards attachment of 

the ECM (F) via integrins (a group of cell surface receptors). 
It varies with the density of the ECM. The model assumes 
that the interactions between the motile cells and the ECM 
create the haptotactic force which affects the tumour growth 
dynamics. Hence, the haptotactic force is defined as (Eq. 
(26))

where η1 is the haptotactic coefficient.
Chemotaxis refers to the movement of cells due to a che-

mosensory signal. Here, it is considered that nutrient acts as 
chemosensory molecules. Therefore, chemotaxis is defined as 
(Eq. (27))

where η2 is the chemo-sensitivity coefficient.
We also consider that a drag force for the luminal fluids acts 

on the cancer cells in the extracellular space. Therefore, the 
drag force is described as (Eq. (28))

(24.1)∇�
i,j

adhesion

�
�, aRt

i

�
=

⎧⎪⎨⎪⎩

�
1

2
+

���3
2(aRt

i)
3 − 3

���2
2(aRt

i)
2 + 3

���
2(aRt

i)

�
�

��� If 0 ≤ ��� ≤ aRt
i

0 Otherwise

(24.2)

∇�
�,�

���������

(
�, 𝑎R𝑡

𝑖

)
=

{
−
( |�|3

𝑎R𝑡3
𝑖

− 3
|�|2
aRt2

i

+ 3
|�|
𝑎R𝑡

𝑖

)
�

|�| If 0 ≤ |�| ≤ 𝑎R𝑡
𝑖

0 Otherwise

(25)�i
hapto

= −�1∇F

(26)�i
chemo

= −�2∇E

In Eq. (28), ||��⃗vi|| and κ are the ith cancer cell velocity and a 
constant coefficient, respectively. Here, we disregard the inter-
stitial fluid flow and gravitational force [56].

As per the Newton’s 2nd Law of motion, applied forces on 
cell i is proportional to the acceleration or velocity change. As 
per Macklin et al. [45], we make an inertia-less consideration 
for this model. Therefore, we get Eq. (29):

as per our consideration,|||mi

∙
vi
||| ≈ 0 .

The simulation parameters are mentioned in Table 4. 
Algorithm to determine the resultant force, velocity, and the 
position of a cell is given in the Appendix. We choose tmol 
(10−6 s) in such a way that tmol << tcell, where tcell is the time 

(27)�i
drag

= −𝜅||��⃗vi||

(28)

|||mi

∙
vi
||| = 𝐅i = 𝐅i

drag
𝐝𝐫𝐚𝐠 𝐟𝐨𝐫𝐜𝐞

+ 𝐅i
chemo

⏟⏟⏟
chemotatic force

+ 𝐅i
hapto

haptotactic force

+

B(t)∑
j=1

j≠i

(
𝐅
i,j

adhesion
+ 𝐅

i,j

repulsion

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
cell−cell interaction force

;

(29)

Hence, from (28) we get
����
⇀

vi
����

=
1

�

⎡⎢⎢⎢⎢⎣
𝐅i
chemo

⏟⏟⏟
chemotatic force

+ 𝐅i
hapto

haptotactic force

+

B(t)�
j=1

j≠i

�
𝐅
i,j

adhesion
+ 𝐅

i,j

repulsion

�

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
cell−cell interaction force

⎤⎥⎥⎥⎥⎦

Table 3   Parameter values to simulate Eqs. (2-8)

Parameter Values Unit Reference

k20 10.0 DC Alarcón et al. [1]
k21 20.0 DC Sadhukhan et al. [59]
k22 0.03 DC Sadhukhan et al. [59]
k23 0.40 DC Alarcón et al. [1]
k24 1.0 DC Alarcón et al. [1]
k25 0.25 DC Alarcón et al. [1]
k26 0.007 DC Alarcón et al. [1]
k27 0.01 DC Alarcón et al. [1]
k28 0.01 DC Alarcón et al. [1]
k29 0.10 DC Alarcón et al. [1]
k30 0.002 DC Sadhukhan et al. [59]
k31 0.01 DC Perfahl et al. [51]
k32 0.25 DC Sadhukhan et al. [59]
k33 0.1 DC Sadhukhan et al. [59]
J3 0.01 DC Alarcón et al. [1]
J4 0.01 DC Alarcón et al. [1]
K
Z22

0.01 DC Sadhukhan et al. [59]
K
Z23

0.01 DC Alarcón et al. [1]
K
Z24

0.01 DC Sadhukhan et al. [59]
R∗ 9.953 μm Alarcón et al. [1]
m∗ 1.0 ng https://​bionu​mbers.​

hms.​harva​rd.​edu/

1085Medical & Biological Engineering & Computing (2022) 60:1075–1098

https://bionumbers.hms.harvard.edu/
https://bionumbers.hms.harvard.edu/


1 3

step to update the cellular layer that is determined from the 
cell velocity and it is describe in the Appendix.

4 � Extracellular layer modelling

In the extracellular layer, Φ is an open-bounded domain 
where the tumour is growing with the help of oxygen (CO) 
and nutrients (CN) and the EGF (S) presents on the ECM 

(F). Also the motile and hybrid cells secrete membrane-
bounded MT1-MMP (M1) and the diffusible MMP-2 (M2) 
which remodel the ECM for expanding the tumour. Let 
T be the time period for evolving the tumour after the 
angiogenesis.

In the tissue layer, the species of the microenviron-
ment are modelled with the mass conservation equa-
tion. Here, we consider that oxygen, nutrients, EGF, 
and MMP-2 are soluble factors and spread in the ECM 
through diffusion. These events are modelled as follows,

Table 4   Parameter values for 
the simulation of cellular and 
tissue layer

Parameters Value Unit References

[
p27

]H
th

0.60 DC Sadhukhan et al. [59]

T
c

23.86 h (From the simulation)
T
A

8.6 h Macklin et al. [45], Rocha et al. 
[56]

T
N

15.0 Days Macklin et al. (45, Rocha et al. 
[56]

T
NL

6.0 h Macklin et al. [45], Rocha et al. 
[56]

T
NS

18.0 h Macklin et al. [45], Rocha et al. 
[56]

T
NC

14.0 Days Macklin et al. [45], Rocha et al. 
[56]

�P
O

0.1 h−1 Macklin et al. [45], Rocha et al. 
[56]

�P
N

0.1 h−1 Sadhukhan et al. [59]

�Q
O

0.08 h−1 Sadhukhan et al. [59]

�Q
N

0.08 h−1 Sadhukhan et al. [59]

�H
O

0.06 h−1 Sadhukhan et al. [59]
�H
N

0.06 h−1 Sadhukhan et al. [59]
�h
O

0.01 �P
C

h−1 Macklin et al. [45]

�h
N

0.01 �P
E

h−1

�b
O

0.01 �P
C

h−1 Macklin et al. [45]

�b
N

0.01 �P
E

h−1

η1 25κ μm h−1 Rocha et al. [56]
η2 25κ μm h−1

κ 100 DC Sadhukhan et al. [59]
X
th

6
1 × 10−3 nMs−1

X
th

18
12 × 10−10 nMs−1

D
CO

1000 μm2 h−1 Macklin et al. [45], Rocha et al. 
[56]

D
CN

900 μm2 h−1 Sadhukhan et al. [59]
DS 0.36 μm2 h−1 Rocha et al. [56]
D

M2
3.60 μm2 h−1 Collier et al. [16]

�
M2

1.0 DC
ω 1 × 10−9 s−1

θ1 1.0 DC Franssen et al. [24]
θ2 1.0 DC Franssen et al. [24]
a
R
t

i
1.214Rt

i
μm Macklin et al. [45], Rocha et al. 

[56]
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In Eqs. (31–33), DCO
,DCN

, and DS are the diffusive con-
stants of oxygen, nutrients, and the EGF. λO, λN, and λS are 
the positive parameters that represent uptake for oxygen, 
nutrients, and EGF. These variables depend on the cancer 
cell phenotype.

We assume that the alive cancer cells con-
s u m e  n u t r i e n t s ,  ox yge n ,  a t  t h e  r a t e s  o f 
�P
N
, �Q

N
, �H

N
,�M

N
, �

Hy

N
, �P

O
, �Q

O
, �H

O
,�M

O
, and �

Hy

O
 , respectively. 

EGF is consumed only by the proliferative, motile and 

(31)
�CO

�t
= ∇.

(
DCO

∇CO

)
− �OCO

(32)
�CN

�t
= ∇.

(
DCN

∇CN

)
− �NCN

(33)
�S

�t
= ∇.

(
DS∇S

)
− �SS

hybrid cells at the rates of �P
S
, �M

S
, and �

Hy

S
 . The model also 

considers that the host cells consume nutrients and oxygen at 
a rate of �h

N
and �h

O
 while in other areas in extracellular space 

nutrients and oxygen decay at a rate of �b
N
and �b

O
.

We assume that Ω be a small area around a point 
(x, y) where the cancer cells, host cells, and stroma 
(non-cells) occupy fP, fQ, fH, fM, fHy, fh, and fb per-
cent, respectively Hoehme and Drasdo, [35], where 
fP + fQ + fH + fM + fHy + fh + fb = 1 . Therefore, the con-
sumption rates are described as

Equations (34-36) are demonstrating the uptake 
rates by the tissue around (x, y). For the sake of 
simplicity, we consider, in Equations (34-35), 
�P
O
= �M

O
= �

Hy

O
and �P

N
= �M

N
= �

Hy

N
.  I n  E q .  ( 3 6 ) , 

�Q
S
= �H

S
= �h

S
= �b

S
= 0, as EGF is consumed only by the 

proliferative, motile, and hybrid cells.
The motile and hybrid tumour cells in this model secrete 

diffusible MMP-2. Hence, MMP-2 describes following 
Equation (37) with zero flux boundary conditions:

(34)
�O(x, y) = fP�

P
O
+ fQ�

Q

O
+ fH�

H
O
+ fM�

M
O
+ fHy�

Hy

O
+ fh�

h
O
+ fb�

b
O

(35)
�N(x, y) = fP�

P
N
+ fQ�

Q

N
+ fH�

H
N
+ fM�

M
N
+ fHy�

Hy

N
+ fh�

h
N
+ fb�

b
N

(36)
�S(x, y) = fP�

P
S
+ fQ�

Q

S
+ fH�

H
S
+ fM�

M
S
+ fHy�

Hy

S
+ fh�

h
S
+ fb�

b
S

(37)
�M2

�t
= ∇.

(
DM2

∇M2

)
+ �M2

(
fM + fHy

)
− �M2

B

C

A

Fig. 5   Cells which present within the fixed radius (r) of cell A are the 
neighbouring cells of A. According to the rule, B is the neighbouring 
cell of A but C is not.

Fig. 6   a Adhesion force and b repulsive forces for a mature tumour cell.
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In Eq. (37), DM2
 is the diffusion coefficient of MMP-2. 

�M2
 and ω are the constant terms represented the produc-

tion by the motile and hybrid tumour cells and the decay 
rates respectively. Here, 𝜇M2

,𝜔 > 0. Moreover, motile and 
hybrid cells express MT1-MMP that bound to the cancer 
cell membrane and acts locally. Bounded MT1-MMP and 
diffusible MMP-2 degrade/remodel the ECM with degrad-
ing rates θ1 and θ2, respectively, θ1, θ2 > 0. The ECM den-
sity is governed by Eq. (38) along with zero flux boundary 
condition:

Cancer cells secrete MMP-2 to remodel the ECM. 
Therefore, the uptake of this species is interpreted 
from the cellular scale to tissue scale and vice versa. In 
this paper, information is exchanged between the two 
layers (cellular and tissue layer) through two nested 
grids W1 and W2. Step size of these layers are L1 and 
L2, respectively, such that L2 = L1/H. H is a positive 

(38)
�F

�t
= −

(
�1
(
fM + fHy

)
+ �2M2

)
F

even number. Any point j with position (xj, yj) in W1 
is modified with the mean value of the corresponding 
grid in W2 which contain the points (xq, yq), such that

5 � Simulation and results

Here, a 2-D domain of size [0, 1] mm × [0, 1] mm is taken 
for the simulation with the other factors. Two grids W1 and 
W2 are considered which exchange information of these fac-
tors from one layer to another. W1 contains 101×101 spa-
tial points, whereas W2 consists of 1001×1001 points. The 
step size of W1 and W2 are L1 = 10 μm, and L2 = 1 μm, 
respectively.

The flowchart of this model is described in Fig. 7. 
Microenvironment of cancer cells are updated after 

(39)|||xq − xj
||| < L2

H

2
,
|||yq − yj

||| < L2
H

2

Fig. 7   Flowchart of multi-
layered model for cancer cell 
invasion.

N

Y
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Update the intracellular model of every alive 

tumour cells

START

Initialize all parameters of the model

Update extracellular factors

Determine the resultant force, velocity of every 
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Update the position of every tumour cells

Update apoptotic and necrotic tumour cells

N

If Max time 
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Y

Update tumour cell phenotype
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initialization. The resultant physical force on every 
tumour cells is determined and modified their position 
and velocity. The mass and radius of the dead tumour 
cells are also modified concurrently. The subcellular 
model for the alive cancer cells is executed with the 
coordination of the external factors. These events mod-
ify the state of the alive cancer cells if needed. After 
that, new values of extracellular species are exchanged 
to the corresponding grid. These processes are contin-
ued until it reaches to the predetermined time period. 
The code for this algorithm is written in C++, and the 
visualization part is performed in MATLAB R2017a.

5.1 � Execution

To show the ability how much the proposed model can adapt 
the key characteristics of an invasive cancer, it is executed 
with the mentioned variables (Tables 1, 2, 3, and 4). The 
value of these variables are adapted from the previous lit-
eratures mostly, but few of them are very difficult to find 
out. Therefore, these variables are assigned value from the 
phenomenological arguments. We show the outcomes of 
the model in different extracellular conditions. We examine 
the contribution of the ECM and EGF in cancer invasion. 
Here, four experiments are performed with four different 

Fig. 8   Cancer cell distribution at t = 0. Thirty-seven prolifera-
tive cells (cyan coloured), 56 quiescent cells (magenta coloured), 3 
hypoxic cells (blue coloured), and 50 necrotic cells (red coloured) are 
placed in the centre of the domain.

Fig. 9   Simulation result for 
experiment 1: a spatial dis-
tributions of invasive tumour 
cells after 20 simulation days. 
Necrotic cells (red coloured) 
and hypoxic cells (blue col-
oured) are present at the centre, 
surrounded by the proliferative 
cells (cyan coloured), migratory 
cells (yellow coloured), and 
hybrid cells (green coloured); b 
EGF absorbed by the prolif-
erative, migratory, and hybrid 
cells; c the ECM degradation 
due to diffused MMP-2 and cell 
membrane-bounded MT1-MMP 
by the migratory and hybrid 
cells; d diffused MMP-2 by the 
migratory and hybrid cells.
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distributions of the ECM and EGF. The descriptions are as 
follows:

Experiment 1: F[i, j] = 1.0 and S[i, j] = 1.0∀i, j at t = 0.
Experiment 2: F[i, j] = 1.0 and 0 ≤ S[i, j] ≤ 1.0∀i, j at t 
= 0. S[i, j] is generated randomly.
Experiment 3: 0 ≤ F[i, j] ≤ 1.0 and S[i, j] = 1.0∀i, j at t 
= 0. F[i, j] is generated randomly.
Experiment 4: 0 ≤ F[i, j] ≤ 1.0 and 0 ≤ S[i, j] ≤ 1.0∀i, j at 
t = 0. F[i, j] and S[i, j] are randomly generated.

We want to develop a model that produce truthful out-
comes as well as it helps to explain the fundamental biology 
of cancer cell invasion. Each experiment is executed thrice, 
and every time a set of proliferative, quiescent, hypoxic, 
apoptotic, and necrotic cells are positioned at the centre of 
the domain initially. In this context, 37 proliferative, 56 qui-
escent, 3 hypoxic, and 50 necrotic cells are placed in the 
domain space (Fig. 8). All the experiments are performed 
in uniformly distributed oxygen and nutrients rich microen-
vironment. Hence, CO[i, j] = CN[i, j] = 1.0, and M2[i, j] = 
0.0∀i, j at t = 0 for all the experiments.

Fig. 9 describes one of the executed outcomes for the 
experiment 1. The execution starts at t = 0 with the initially 

placed cancer cells (Fig. 8) of the domain. Moreover, the 
ECM and EGF are uniformly distributed in the domain. 
The invasive cancer grows by absorbing the surrounding 
nutrients, oxygen, and EGF. Absorbed EGF (Fig. 9b) acti-
vates EGF-EGFR pathway which help the proliferative cells 
to change their phenotype. At the initial phase, motile and 
hybrid cells are absent in the domain. From the tumour cell 
distribution (Fig. 10), it can be observed that the necrotic/
dead cells (red coloured) acquired the central region of the 
tumour. The outer region of the tumour is surrounded by 
a layer of proliferative cells (cyan coloured) which are the 
most aggressive among all the phenotypes and continue 
to proliferate on the boundary. A layer of quiescent cells 
(magenta coloured) are present in between the necrotic 
core and the proliferative layer initially. As the simulation 
goes on, the proliferative cells increase gradually. Necrotic 
core also increases with the total tumour cells. Some of 
the proliferative cells are converted into migratory (yellow 
coloured) and hybrid (green coloured) cells. The migratory 
and hybrid cells secrete MMP-2 (Fig. 9d) and express MT1-
MMP which remodel the homogenously distributed ECM 
(Fig. 9c). The migratory cells are less proliferative but more 
motile, whereas hybrid cells are motile as well more prolif-
erative than motile cells. Both of these phenotypes invade 

Fig. 10   Simulation result 
for experiment 2: a spatial 
distributions of invasive tumour 
cells after 20 simulation days. 
Necrotic cells (red coloured) 
and hypoxic cells (blue col-
oured) are present at the centre, 
surrounded by the proliferative 
cells (cyan coloured), migratory 
cells (yellow coloured), and 
hybrid cells (green coloured); b 
EGF absorbed by the prolif-
erative, migratory, and hybrid 
cells; c the ECM degradation 
due to diffused MMP-2 and cell 
membrane-bounded MT1-MMP 
by the migratory and hybrid 
cells; d diffused MMP-2 by the 
migratory and hybrid cells.
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the surrounding tissue (ECM) through the less resistant path 
(Fig. 9a).

Fig. 10a–d illustrates one of the simulated outcomes for 
the experiment 2 with random EGF distribution. The tumour 
cell distributions are radically different showing more finger-
like morphology. Like the previous experiment 1, here four 
types of tumour cells are observed (Fig. 10a). Necrotic core 
is seen at the centre of tumour. Necrotic core is surrounded 
by proliferative cells, migratory cells, and hybrid cells. As 
EGF is randomly distributed (Fig. 10b) in the domain space, 
less number of migratory and hybrid cells are produced than 
the previous experiment. Migratory and hybrid cells secrete 
MMP-2 (Fig. 10d) and MT1-MMP which remodel the ECM 
(Fig. 10c). The migratory and hybrid cells mainly develop 
finger-like protrusions which move through the less resist-
ance path.

Fig. 11a–d provides one of the simulation results for the 
experiment 3 with randomly distributed ECM. Here also 
four types of tumour cell are seen (Fig. 11a). Necrotic core 
is observed at the centre of tumour. The necrotic core is sur-
rounded by proliferative, migratory, and hybrid cells respec-
tively. Less number of proliferative cell load are observed 
at the end of 20 simulation days. The ECM is randomly dis-
tributed (Fig. 11b) in the domain space. The tumour cell dis-
tributions are showing less finger-like morphology like the 

previous one (experiment 2). Secretion of MMP-2 (Fig. 11d) 
and MT1-MMP by the migratory and hybrid cells remodel 
the ECM (Fig. 11c). The migratory and hybrid cells mainly 
develop finger-like protrusions.

Fig. 12a–d describe one of the outcomes for the experi-
ment 4 with randomly distributed EGF and the ECM. Here 
five types of tumour cell are observed (Fig. 12a). Necrotic 
core is visible at the centre of tumour. It is surrounded by a 
few hypoxic cells. Proliferative, migratory, and hybrid cells 
are present at the outer layer of the tumour. As EGF and the 
ECM are randomly distributed (Fig. 12(b-c)) in the domain 
space showing less finger-like morphology in the tumour. 
Migratory and hybrid cells secrete MMP-2 (Fig. 12d) and 
MT1-MMP which remodels the ECM (Fig. 12c).

We have also plotted the avg. number of proliferative, 
migratory, and hybrid cells for these four experiments 
(Fig. 13a–d). All of these figures show same kind of pat-
terns for these three phenotypes. Initially, the proliferative 
cells increase by absorbing oxygen and nutrients which are 
available in the domain in sufficient level. But after a certain 
period (~7 simulation days), it reduces sharply. Nearly 10 
simulation days, its reduction rate is decreased, and it con-
tinues until 20 simulation days. On the other hand, migratory 
and hybrid cells are absent in the domain initially. With the 
help of EGF, some of the proliferative cells converted into 

Fig. 11   Simulation result 
for experiment 3: a spatial 
distributions of invasive tumour 
cells after 20 simulation days. 
Necrotic cells (red coloured) 
and hypoxic cells (blue col-
oured) are present at the centre, 
surrounded by the proliferative 
cells (cyan coloured), migratory 
cells (yellow coloured), and 
hybrid cells (green coloured); b 
EGF absorbed by the prolif-
erative, migratory, and hybrid 
cells; c the ECM degradation 
due to diffused MMP-2 and cell 
membrane-bounded MT1-MMP 
by the migratory and hybrid 
cells; d diffused MMP-2 by the 
migratory and hybrid cells.
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migratory or hybrid phenotypes. These two phenotypes are 
gradually increases in the tumour, and after a certain time, 
the number of migratory and hybrid cells would be much 
more than the proliferative cells (except in experiment 2). 
The migratory and hybrid cells are mainly responsible for 
tumour invasion which may lead to metastasis. These graphi-
cal representations are very similar to the trends that were 
reported by Zhang et al. [75], Wang et al. [70], and Chen 
et al. [14].

Further, we plot the avg. proliferative (Fig. 14), migra-
tory (Fig. 15), and hybrid (Fig. 16) cells for all the con-
ditions (experiments 1, 2, 3, and 4). It is observed from 
Fig. 14 that, for experiments 1 and 3 and experiments 2 
and 4, same kinds of patterns are found for avg. tumour 
cell counts. It indicates that the ECM density distribution 
does not effect on the proliferative cell count. However, 
in Fig. 15, it is shown that experiments 1 and 3 produce 
same kind of pattern, whereas experiment 4 produces an 
upper bound and experiment 2 seems to be a lower bound 
for avg. migratory cell counts. This indicates that, though 
the EGF density distributions is mainly responsible for 
the production of migratory cells, the ECM density dis-
tributions also effect on the avg. count of migratory cells. 
In experiment 4, where ECM density lies between 0 and 
1, MDEs (MT1-MMP and MMP-2) play a major role to 

remodel the ECM. These phenomena produce lot of spaces 
for more number of migratory cells. On the other hand, in 
experiment 2, the ECM is denser than experiment 4. So, 
creating space with the MDEs are time-consuming tasks. 
Hence, the avg. number of migratory cells are very low 
among all the experiments. Fig. 16 shows different types 
of pattern for avg. hybrid cell counts. Here, experiments 2 
and 3 show same kind of patterns, whereas experiment 1 
seems to be an upper bound and experiment 4 produces a 
lower bound. It indicates that denser ECM and EGF pro-
duce more number of hybrid cells. In the experiments 2, 
3, and 4, one or both of the factors between EGF and the 
ECM are less dense which effect avg. hybrid cell counts.

6 � Discussions and conclusions

Cancer is a group of diseases involving abnormal cell growth 
with the potential to invade or spread to other parts of the 
body. To defeat cancer, it is very important to understand 
cancer formation, progression, and control. But still most 
of the processes involved in tumour growth are not clearly 
understood. Mathematical models can enhance this under-
standing of this dynamical process and underpinning cancer 
invasion and metastatic spread. Mathematical models can 

Fig. 12   Simulation result 
for experiment 4: a spatial 
distributions of invasive tumour 
cells after 20 simulation days. 
Necrotic cells (red coloured) 
and hypoxic cells (blue col-
oured) are present at the centre, 
surrounded by the proliferative 
cells (cyan coloured), migratory 
cells (yellow coloured), and 
hybrid cells (green coloured); b 
EGF absorbed by the prolif-
erative, migratory, and hybrid 
cells; c the ECM degradation 
due to diffused MMP-2 and cell 
membrane-bounded MT1-MMP 
by the migratory and hybrid 
cells; d diffused MMP-2 by the 
migratory and hybrid cells.
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get rid of this situation through real-time observation of cel-
lular distribution, cell movements, genetic mutations, etc.

In general, oncologists are treating a patient by examin-
ing and classifying cancer type that decides the treatment 
plan. Oncologists follow the same treatment path that has 
worked for the patients with similar symptoms and disease 

state in the past, though this idea is not fruitful for all but a 
subset of patients. In most cases, the same treatment plan 
either does not work or results even more adverse. The 
reason behind this partial success is due to own genetic 
makeup of every tumour that implies a unique response to 

Fig. 13   Avg. cell counts of 
proliferative, migratory, and 
hybrid cells in a experiment 1, 
b experiment 2, c experiment 3, 
and d experiment 4, respec-
tively.

Fig. 14   Avg. proliferative cell counts in experiments 1, 2, 3, and 4, 
respectively.

Fig. 15   Avg. migratory cell counts in experiments 1, 2, 3, and 4, 
respectively.
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the treatment applied. Our model can be further enhanced 
for advanced cancer treatment where modern diagnos-
tic techniques together with the model could be used in 
clinical setting with large amounts of data on patients’ 
outcome. Accurate models allow us to treat patients theo-
retically in non-invasive way within a short span of time 
[17]. Simulation outcomes of individually parameterized 
relevant mathematical models for a particular patient helps 
the oncologists to choose the best possible treatment plan, 
their best timing, and the optimal dosage [55] to be used. 
Integration of these models with proper biomarkers and 
imaging data could be useful in precision medicine or 
patient-specific treatment. These models would not only 
be capable enough to forecast the tumour evolution but 
also provide the optimal treatment procedure for a spe-
cific patient. Although it is very difficult to find out actual 
patient data in the vascular phase, the model could help to 
predict the invasion accurately. Further, the model could 
be extended to predict the affected organs during metas-
tasis at an early stage.

In this article, a multi-layered hybrid model is developed 
for cancer invasion in a 2-D framework. The model assumes 
that each cancer cell is a cellular agent. These cellular agents 
can have different characteristics: some are more prolifera-
tive but less motile, some are more motile and less prolif-
erative, and some are the combination of these two. Also 
hypoxic, necrotic, quiescent, and apoptotic cellular agents 
are considered in the domain space. A cellular agent can be 
transformed into any of the phenotype depending upon its 
internal proteins expression and its surrounding microen-
vironment. These agents communicate with each other and 
the surroundings through cell-cell interactions, cell-matrix 
interactions, etc.; these interactions create several physical 
forces that act concurrently on the cancer cells (agents) and 
help them to migrate in the extracellular space. The model 
also considers that membrane-bounded MT1-MMP and the 
diffusible MMP-2 secreted by the motile and hybrid cells are 
the main actors for the ECM degradation.

There are multiple validation techniques available like 
mathematical, statistical, and graphical methods to perform 
sensitivity analysis of mathematical models. These methods 
are different one over the another in terms of applicability, 
computational issues, complexity, and representations. To 
validate this model, we have performed sensitivity analy-
sis Basu and Roy [6]. Sensitivity analysis is mainly used to 
study the robustness of the model by varying one or more 
than one input variables. If the outcome of the model varies 
drastically with the values of input parameters, then the con-
clusion has been drawn that the model is extensively sensi-
tive to the parameters and it requires further refinement [22, 
39, 67], Jenerette and Wu [36].

In this case, we have performed a partial sensitivity analy-
sis (Table 5) by determining the effect of the outcome by 
changing some of the input variables while keeping other 
parameters fixed. The sensitivity of the model is performed 
through the root mean square deviation (RMSD) percentage 
with respect to the outcomes of experiment 1. The analysis 
is performed couple of times by varying the values of λO, 
λN, λS, �M2

, ω, ϴ1, and ϴ2 by ±5%,±10% and keeping other 
parameter fixed (in Experiment 1).

Fig. 16   Avg. hybrid cell counts in experiments 1, 2, 3, and 4, respec-
tively.

Table 5   Measuring RMSD for 
different cell counts after 480h 
of simulation time by changing 
λO, λN, λS, �

M2
, ω, ϴ1, and ϴ2

Cell counts +10% +5% Without chang-
ing parameters

−5% −10% RMSD RMSD (in %)

No. of more proliferative cells 63 98 160 64 62 89.54 55.96
No. of more motile cells 318 367 350 455 492 90.14 25.75
No. of hybrid cells 402 391 452 619 581 112.63 24.92
No. of necrotic cells 937 894 1050 1171 1192 113.58 10.81
No. of total cells 1795 1826 2133 2381 2438 301.25 14.12
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In this case, the RMSD percentage for number of 
proliferative cell is moderately high (55.96), although 
the other RMSD percentages like number of motile 
cells, number of hybrid cells, number of necrotic cells, 
and total number of tumour cells are 25.75, 24.92, 
10.81, and 14.12, respectively. The RMSD percent-
ages indicate that the number of proliferative cell is 
moderately sensitive to the specified parameters’ val-
ues, while the other ones are less sensitive to these 
parameters (Fig. 17).

The aim of the paper is to study the tumour cell het-
erogeneity due to the geometrical changes of a growing 
tumour caused by the mutations of cells. In this context, 

four different experiments are conducted with four differ-
ent configurations of the ECM and EGF. Every time the 
geometrical changes are observed and are correlated with 
the proliferative, migratory, and hybrid cell count. Also the 
effect of the ECM and EGF on proliferative, migratory, and 
hybrid cell counts has been studied. The outcome of the 
model is very similar to the reported results in earlier studies 
[70, 75],and [14]. Hanahan and Weinberg [29] have inves-
tigated the complexity within cancer by acquiring the com-
mon features of several cancer cells that indicate influential 
hallmarks of cancer. Our model also covers the important 
characteristics of cancer invasion mentioned in Hanahan and 
Weinberg [29].

Fig. 17   Number of proliferative (upper-left), motile (upper-right), hybrid (lower-left), and necrotic (lower-right) cells for experiment 1 by chang-
ing the respective variables by +10%, +5%, −5%, and −10% and without changing the variables.
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Appendix

Algorithm for determining the net acting force, velocity, 
and the position of a cell:
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